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ABSTRACT Ductility plays a crucial role in ensuring the safety of a structure, as its inadequacy can lead to sudden and brittle failure.

Despite its significance, there is no explicit method for determining, leading to inconsistency and confusion in selecting appropriate

techniques. Misjudging a structure’s ductile behaviour can have catastrophic consequences. Therefore, this study examined several

preliminary studies and identified twenty-one methods for computing ductility indices. These indices were categorized into three types,

namely conventional, displacement-based, and energy-based. The conventional ductility indices are commonly applied to steel-reinforced

members, deformation-based ductility indices to FRP-reinforcedmembers, and energy-based ductility indices to earthquake-resistant and

static-load structures. Conventional ductility indices are specific to ductile reinforcements, while displacement-based and energy-based

ductility indices apply to both ductile and non-ductile reinforcements. However, different calculation methods can lead to significant

variations in the computed ductility, particularly for those involving the first crack, and load factor, thereby leading to different ductility

requirements for ensuring structural safety. Additionally, not all methods are explicit, and it is crucial to avoid indiscriminately applying

requirements from one method to another.
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1 INTRODUCTION

The importance of ductility cannot be overstated

when it comes to structural safety due to its abil-

ity to warn of impending failure (Wang and Be-

larbi, 2011). According to El Zareef and El Madawy

(2018), a structure that exhibits ductility can de-

form significantly prior to failure. Additionally,

ductility allows a structure to absorb and dissipate

substantial amounts of energy before failure (Park,

1988), which is crucial for structures in areas with

a high risk of earthquakes (Muralidhara Rao et al.,

2015). The quantification of ductility is currently

not standardized due to the unavailability of ex-

plicit method to determine the process (Nogueira

and Rodrigues, 2017). Preliminary studies em-

ployed a range of methods to assess ductility, with

similar parameters but varying computational ap-

proaches. The lack of consistency between meth-

ods can result in a structure being evaluated with

differing degrees of ductility, depending on the

method utilized.

In practice, most studies employed one method to

determine ductility because it was deemed suit-

able. Research by Barrera et al. (2012) and Spadea

et al. (2001) used two or more methods. Sev-

eral types of ductility methods have been demon-

strated in previous studies (Tann et al.,2004;Ghal-

lab, 2014; Zou, 2003; El Zareef and El Madawy,

2018; Oudah and El-Hacha, 2012). However, only

a few common methods have been identified, and

many previously used ductility methods remain

unidentified. This study aims to provide a compre-

hensive summary of the different ductility meth-

ods available in the literature, along with their

computations and applications. Additionally, it

aims to highlight the ductility requirements for

structures. The primary goals of this study are (a)

to provide readers with an understanding of the

range of ductility methods available and (b) to as-

sist in selecting suitablemethods for elements and

structures under varying conditions.
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Figure 1 Typical load-displacement curves of structural elements

Figure 2 Alternative definitions for yield displacement

2 BEHAVIOUR OF CONCRETE MEMBER

Concrete members can be reinforced by various

methods, such as using steel bars, prestressing

tendons, and fibre-reinforced polymer (FRP). Each

of these reinforcements has unique characteris-

tics that significantly impact the behaviour of the

members.

Under load, concrete members undergo displace-

ment, rotation, or curvature. Figure 1 depicts the

typical load-displacement responses of a member.

Elastic behavior is shown in Figure 1(a), where

displacement is proportional to the load through-

out. This brittle response is prevalent in concrete

members reinforced with fibre-reinforced polymer

(FRP) (Abdelraham et al., 1995). Figures 1(b) and

1(c) show the yielding responses of a member with

and without post-yield stiffness. When a member

yields, its stiffness decreases dramatically, and a

large deformation occurs. This post-yield defor-

mation contributes significantly to the member’s

ductility, and can be observed in RC and PC mem-

bers (Lim et al., 2021; Ghallab, 2014). Figure 1(d)

demonstrates the cracking response of a member

before yielding. Cracks appearwhen the concrete’s

tensile strain limit is exceeded, reducing the bear-

ing area of the cracked section and subsequently

deteriorating its section inertia (Fu et al., 2020).

This slightly reduces the member’s stiffness (Ling

et al., 2019), which further decreases as reinforce-

ments yield (Wang et al., 2021).

3 METHODS TO DETERMINE DUCTILITY

3.1 Conventional Ductility Ratios

The ductility ratio, which is used to measure a

member’s ductility, can be expressed as a func-

tion of curvature, rotation, displacement, or twist,

as shown in Table 1. Historically, it was defined

based on the behavior of the reinforcement, as de-
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scribed in studies by Zou (2003); Dancygier and

Berkover (2016); Ashour (2000). However, this ap-

proach is applicable conditional on (a) the rein-

forcement yields before the member fails and (b)

its yield point accurately determined.

The concept of yield deformation has been ex-

panded for larger applications. Figure 2 shows that

the yield deformation can be determined based on

(a) the cracking response of the concrete (method

Y1), (b) the stress-strain response of the reinforce-

ment bar (methods Y2 and Y7), (c) the equivalent

stiffness of the member (methods Y3, Y4, Y8, and

Y9), (d) the compressive strain limit of the con-

crete (method Y5), and (e) the elastoplastic energy

absorption principle (method Y6).

The yield point can then be determined by (a) con-

structing a tangential or linear regression line over

the elastic part of the curve (method Y3), (b) draw-

ing straight lines intercepting the critical points

on the curve (methods Y1, Y4, Y8, and Y9), (c)

identifying a point on the curve where the elas-

tic stiffness has decreased bymore than 5% (ASTM

E2126, 2011), and (d) constructing a straight line

that gives equal areas above and below the curve

(method Y6). It is important to note that these

yield points are hypothetical and that the rein-

forcement may not necessarily yield because they

sometimes remain in the elastic state of the mem-

ber. Thismay not be amember’s true response, but

it can be a conservative estimate.

Figure 3 illustrates several methods for obtaining

the ultimate displacement, ∆u. These include (a)
considering the compressive strength limit of the

concrete (U1), (b) determining the peak load of the

member (U2), (c) analyzing a certain percentage of

reduced load after the peak (U3 and U4), and (d)

identifying the failure of the reinforcement, such

as the fracture of the transverse or longitudinal

reinforcement or the buckling of the longitudinal

compression reinforcement (U5).

The ductility ratio is obtained by dividing the ulti-

mate displacement,∆u, by the yield displacement,

∆y. Table 2 outlines at least 12 combinations of

∆u and ∆y that researchers have used to deter-

mine the ductility of RC and PC members. Differ-

ent methods may produce varying values for the

same member. For that, the ductility ratio is re-

garded as an indication of ductile behavior. The

absolute value is less significant than the relative

comparison among members (Tann et al., 2004).

The comparison should be made using the same

method to ensure consistency.

Aprecedentwas established in preliminary studies

using the ductilitymethods listed in Table 2. How-

ever, this listmay not be comprehensive, and other

methods could be appropriate when properly jus-

tified. Tables 3 and 4 outline the circumstances in

which the methods are applicable.

3.2 Deformation-Based Ductility Indices

The conventional ductility ratios outlined in Ta-

ble 2 are applicable for members with clear plastic

deformation, specifically Types 2, 3, and 4 in Fig-

ure 1. This plastic deformation typically results

from the yielding of steel reinforcement (Wang

and Belarbi, 2011). However, these ratios are not

suitable for concretemembers with FRP reinforce-

ment that remain elastic throughout (Type 1 in

Figure 1) (Zou, 2003; Grace et al., 1998; Wang and

Belarbi, 2011; Abdelraham et al., 1995; El Zareef

and El Madawy, 2018). In response, deformation-

based ductility indices were introduced and are

outlined in Table 5. These indices use more com-

plex equations than the conventional ductility ra-

tios and are expressed in deflection, rotation, and

curvature.

The ductility indices compare amember’s ultimate

state against its serviceability. The ultimate de-

formation corresponds to the peak load, as shown

in Figure 4. The serviceability deformation can be

any of the following illustrated in Table 5.

1. for a beam that fails by concrete crushing, the

concrete strain at the top compression fibre is

about 0.001 (D13),

2. the propagation of the first crack (D14 and

D15),

3. 2/3 of the peak load (D16).

Ductility indices D13,D14, and D17 (Table 5) com-

prise load factors like Mu
M0.001

, Mu
Mcr

, and Mmax
My

. De-

spite the deformation, the load is considered a part

of ductility. However, this differs from the con-

ventional ductility ratios, which only include de-

formation.

It is worth noting the difference between ductility

and deformability, as explained by Oudah and El-
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Table 1. Conventional ductility ratio (El Zareef & El Madawy, 2018; Zou, 2003; Teixeira and Bernardo, 2018)

Ductility ratio Application Equation Description

Curvature ductility, µφ element loaded by a bending
moment µφ =

φu

φy
(1)

a) φu is the curvature of the ele-
ment at the ultimate state

b) φy is the curvature of the ele-
ment at the yield limit

Rotation ductility, µθ plastic hinge loaded by a bend-
ing moment µθ =

θu
θy

(2)

a) θu is the ultimate plastic
hinge rotation

b) θy is yield plastic hinge rota-
tion

Displacement ductility, µ∆ structural element or structure
loaded by one or more forces µ∆ =

∆u

∆y
(3)

a) ∆u is the displacement of a
structural element or a whole
structure at the ultimate state

b) ∆y is the displacement at the
yield limit

Torsional ductility, µτ Structural element loaded by
torsional load µτ =

θτ,u
θτ,y

(4)

a) θτ,u is the ultimate twist

b) θτ,y is the yielding twist

Figure 3 Alternative definitions for ultimate displacement

Figure 4 Response of structural member under load
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Table 2. Methods to compute conventional ductility ratios

Yield displacement Ultimate displacement
Reference

Y1 Y2 Y3 Y4 Y5 Y6 Y7 Y8 Y9 U1 U2 U3 U4 U5

D1 √ √ Abdelraham et al. (1995); Dolan et al. (2001)

D2 √ √ Ashour (2000); Dolan et al. (2001); Tann et al. (2004)

D3 √ √ Naaman (1985); Soudki (1994); NZS 3101.1 (2006)

D4 √ √ Rakhshanimehr et al. (2014); Chen and Sudibyo (2018)

D5 √ √ Jang et al. (2008); ?); Pam et al. (2001)

D6 √ √ Kwan et al. (2002); Wu (2006)

D7 √ √ Naaman (1985)

D8 √ √ Nie et al. (2014)

D9 √ √ Naaman (1985)

D10 √ √ International (2011)

D11 √ √ Pan and Moehle (1989)

D12 √ √ √ √ √ √ √ √ √ Park (1988)

Table 3. Determining the yield displacement of a member under various circumstances

Circumstances Methods to determine yield displacement

Y1 Y2 Y3 Y4 Y5 Y6 Y7 Y8 Y9

The first cracking load is measured √

The reinforcement yielded before the member fails. √ √

The stress-strain curve of the reinforcement is available. √ √

The member fails by crushing √

The member is predominantly subjected to compressive force √

The stress-strain curve of concrete is available √

The member subjected to cyclic load √

Others √ √ √ √ √

Table 4. Determining the ultimate displacement of a member under various circumstances

Circumstances
Methods to determine ultimate displacement

U1 U2 U3 U4 U5

The stress-strain curve of concrete is available √

The load-displacement response after peak load is available √ √

The failure of reinforcement is detected √

Others √
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Table 5. Deformation-based ductility indices

Method Equation Description

D13

µM =
Mu

M0.001
· φu

φ0.001
or

µM =
Mu

M0.001
· ∆u

∆0.001

1. µ is the ultimate moment
2. φu is the curvature at the ultimate state.
3. φ0.001 is the curvature when the con-

crete strain at the outermost compres-
sion fiber is 0.001 (Figures 4(a) and 4(b)).

4. M0.001 is themoment the concrete strain
at the outermost compression fiber is
0.001.

Mufti et al. (1996);
Bakht et al. (2000);
Canadian Standards
Association (2006);
Jaeger et al. (1997);
Thériault and
Benmokrane (1998)

D14

µz =
∆u

∆cr
· Mu

Mcr

1. ∆u is deflection at ultimate.
2. ∆cr is deflection at first cracking (Figure

5).
3. Mu is the ultimate moment.
4. Mcr is the cracking moment.

Zou (2003)

D15

µd =
∆u −∆cr

∆cr

1. ∆u is deflection at ultimate.
2. ∆cr is deflection at cracking load (Figure

5).

Hassan et al. (2018)

D16

µt =
∆0.95Pu

∆0.67Pu

1. ∆0.95Pu is the displacement at 95% peak
load (Figure 6).

2. ∆0.67Pu is the displacement at 67% peak
load.

Ghallab (2014); Tann
et al. (2004)

D17

µφ =
φu

φy

1. φu is curvature when (a) the post-
peak remaining moment capacity of the
column reduces to 80% of the maxi-
mum moment capacityMmax, or (b) the
longitudinal reinforcement steel strain
reaches the ultimate strain εsu, or (c) the
strain in concrete reaches the maximum
confined strain εccu.

2.

φy = min

(
φy

Mmax

Myc
, φys

Mmax

Mys

)
.

3. φyc is the curvature when the concrete
strain reaches the strain at peak stress
in unconfined concrete

4. Myc is the moment corresponding to
φyc.

5. φys is the curvature at the onset of the
first yielding of the longitudinal bars.

6. Mys is the moment corresponding to
φys.

Paultre and Légeron
(2008)
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Figure 5 Ductility of the members with elastic and elastoplastic reinforcements

Figure 6 Total and elastic energy under the load-deflection
curve (Naaman and Jeong, 1995)

Hacha (2012); Tann et al. (2004). Ductility refers to

the plastic work that amember can undergo before

it fails, and it requires yielding and plastic behav-

ior. In contrast, deformability refers to the amount

of deformation that a member can experience be-

fore failure, regardless of whether it exhibits yield-

ing and plastic behavior. Several methods, includ-

ing D1, D13, D14, D15, and D17, are considered

deformability indices. They compute either the

member’s first crack load or the concrete’s elas-

tic strain (i.e., 0.001) without necessarily requiring

plastic failure.

According to Tann et al. (2004), high deformability

is a necessary but insufficient prerequisite for duc-

tile behaviour. Although a ductile member typi-

cally exhibits high deformability, a member with

high deformability can still experience brittle fail-

ure (Tann et al., 2004). Nevertheless, a highly de-

formable member can provide early warnings be-

fore failure by showing significant elastic deforma-

tions. For adequate ductility, an elastic member

should possess a higher reserve of strength than

a ductile member (ACI Committee 440, 2015), as

shown in Figure 5.

3.3 Energy-Based Ductility Indices

The energy-based ductility indices adopt the con-

cept of energy in ductility. They apply to struc-

tures subjected to earthquake loads. These ductil-

ity indices can also be used for members subjected

to static loads (Antonius and Imran, 2012; Hason

et al., 2021). The ductility indices typically deal

with a member’s total energy at ultimate and its

energy at service, as shown in (Table 6). The area

beneath the load-displacement curve represents

the total energy possessed by amember (Figures 6,

7, and 8). The energy at service can be one of the

following: (a) the area under the elastic region of

the load-displacement curve (methodD18), (b) the

area under the load-displacement curve up to 0.75

times the ultimate load (method D19), (c) the area

under the load-displacement curve at the yield-

ing of tension reinforcement (method D20), and

(d) the area under the load-displacement curve at

service (method D21).

ThemethodD17was originally introduced byNaa-

man and Jeong (1995) as a means of analyzing

RC members subjected to cyclic loading. In this

method, the inelastic energy and elastic energy are

separated by a line, as shown in Figure 6. Its slope,

S, is computed using equation E1 in Table 7, which

covers only the member’s load response. Grace

et al. (1998) further included the effects of rein-

forcement, failure mode, and stirrup in the func-

tion as given in equation E2 (Table 7).

4 DUCTILITY REQUIREMENTS

Ductility plays a crucial role in the integrity of

a structure. Compared to non-ductile structures,

ductile structures possess the ability to withstand

unexpected or unforeseen forces more effectively
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Table 6. Energy-based ductility indices

Method Equation Description Reference

D18 µen = 0.5
(

Etot
Eela

+ 1
)
(5) a) Etot is the total energy, which is the area un-

der the load-displacement curve up to the fail-

ure load (Figure 6)

Naaman and Jeong (1995);

Grace et al. (1998); Tann et al.

(2004)

b) Eela is the elastic energy computed as the

area of the triangle formed at failure load by un-

loading the beam (Figure 6)

D19 µe =
Etot

E0.75pu
(6) a) Etot is the total area under the load-

displacement curve at ultimate failure (Figure

7)

Spadea et al. (1997); Alsayed

and Alhozaimy (1999)

b) E0.75pu is the area under the load-

displacement curve up to 0.75 times the

ultimate load (Figure 7)

D20 µe =
Etot
Ey

(7) a) Etot is the total area under the load-

displacement curve at ultimate failure (Figure

8)

Spadea et al. (2001); Thom-

sen et al. (2004)

b) Ey is the area under the load-displacement

curve at the yielding of tension steel (Figure 8)

D21 µe =
Etot
Ey,s

(8) a) Etot is the area under the load-displacement

curve at ultimate (Figure 8)

Ghallab (2014); ACI Commit-

tee 440 (2015)

b) Ey,s is the area under the load-displacement

curve at service (Figure 8)

Table 7. Equations for the slope of the unloading branch to compute method D17

E1 E2

Reference Naaman and Jeong (1995); Grace et al. (1998)

Function S =
PcS1+(Py−Pc)S2

Py
(9) S =

αργ(Effy)
(Esfds)

· PcS1+(Py−Pc)S2+(Pu−Py)S3

Py
(10)

Description • S is the slope of the unloading branch • α is the factor related to the stirrup type effect,

• S1 is the slope of the first line • ρ is the factor related to the failure mode effect,

• S2 is the slope of the second line • γ is the factor related to the type of reinforcement effect

• Pc is the cracking load • Ef is the FRP modulus of elasticity,

• Py is the yielding load. • Es the steel modulus of elasticity

• fy the steel yield stress

• fds the design strength of FRP

• Pu the ultimate load,

• S1 is the slope of the first line

• S2 is the slope of the second line

• S3 is the slope of the third line
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Figure 7 Energy under the load-deflection curve (Spadea et,al., 1997)

Figure 8 Energy under a load-deflection curve

(Ghallab, 2014). A ductile structure can (a) de-

form significantly prior to failure (El Zareef and

El Madawy, 2018), (b) redistribute moments dur-

ing excessive loads (Ashour, 2000), and (c) dissi-

pate substantial amounts of energy prior to col-

lapse (Park, 1988).

A member should satisfy ductility requirements

for it to be used reliably in structural engineering

applications (Naaman, 2003). The degree of duc-

tility required can vary depending on the type of

structure. NZS 3101.1 (2006) outlines the struc-

tural ductility factors, as per method D3, for dif-

ferent types of structures, as shown in Table 8.

Structures with high ductility can better withstand

seismic activities, whereas brittle structures re-

quire primary seismic-resisting members to resist

earthquake forces.

Applying the structural ductility factors specified

in NZS 3101.1 (2006) to other ductility indices

may not be straightforward, as different calcula-

tion methods can yield significantly varying val-

ues, as shown in Table 9. Some methods, such as

those that consider the first crack (e.g., method

D1) and load factors (e.g., methods D13 and D14),

can result in overestimated ductility indices, with

values exceeding 8 and, in some cases, as high as

11 (Grace et al., 1998). Table 10 presents other

ductility requirements found in previous studies

utilized to evaluate the ductility of structures.

It is important to note that the ductility require-

ments for allmethodsmay not be adequately spec-

ified inTable 10. As such, the appropriate range for

ductile behavior may not be fully determined for

these methods. In such cases, it is recommended

to compare the ductility indices of a member to

those of control specimens.

To achieve sufficient ductility, it is recommended

that reinforced concrete (RC) members be under-

reinforced to ensure the reinforcement yields be-

fore the concrete crushes (Wu, 2006). This can be

achieved by having a reinforcement ratio of less

than 1.5% (Ashour, 2000). The tensile strength

of the reinforcement should be at least 1.1 times

or 1.25 times its specified yield strength (ACI-318,

2019; BS-EN 1992-1-1, 2004). Additionally, the ul-

timate elongation of the reinforcement should be

at least 8% (Macchi et al., 1996).

5 CONCLUSION

This study presents a comprehensive overview

of 21 different ductility indices that have been

identified in the literature. These ductility in-

dices can be broadly categorized into three types,

namely conventional, deformation-based, and

energy-based. The conventional ductility indices

are commonly applied to steel-reinforced mem-

bers, deformation-based ductility indices to FRP-

reinforced members, and energy-based ductility

indices to earthquake-resistant and static-load

structures. The conventional ductility indices are

suitable for members with ductile reinforcements,
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Table 8. Classifications of ductile structure (NZS 3101.1: 2006)

Classification Description Structural ductility factor

Brittle concrete structures Structures that contain primary seismic resisting members. Not specified

Nominally ductile structures Structures designed with a low structural ductility factor. ≤1.2

Structures of limited ductility Structures which are sub-set of ductile structure. ≤3.0

Ductile structures Structures designed for high level of ductility. ≤6.0

Table 9. Value range of ductility indices based on the results given by Zou (2003)

Samples Nos. of specimen
Methods to determine ductility

D3 D17(E1) D1 D13 D14

Beams tested by Zou (2003) with
Aramid Fiber Reinforced Polymer and
Steel Tendons

13 2.5-3.7 1.35-4.24 4.5-22.1 10.7-59.5

Beams tested by Zou (2003) with Car-
bon Fiber Reinforced Polymer and
Steel Tendons

8 2.4 1.24-1.81 8.5-12 39.8-67.8

Beams Tested by Jeong (1994)* 5 1.21-1.93 3.34-10.42 23.4-158

Prestressed Beams Tested by Abdelra-
ham et al. (1995)*

10 5.74-25.59 1.65-9.53 54.4-254.6

Beams Tested by Fam (1995)* 6 2.73 4.25-8.03 26-47.1

*Results computed by Zou (2003) from
the literature

while the displacement-based and energy-based

ductility indices are applicable to both ductile and

non-ductile reinforcements.

The computation of ductility indices is typically

based on the deformation of a member, includ-

ing displacement, rotation, curvature, and twist, as

well as the energy at different states, such as ulti-

mate, yield, and service. There are 5, 9, and 3 ways

to represent the ultimate, yield, and service states,

respectively. This lead to significant variations in

the calculated values for ductility. It should be

noted that certain methods, such as those involv-

ing the first crack and load factor, can lead to large

ductility index values greater than 8.

This study summarises the ductility requirements

for brittle and ductile structures. Only sixmethods

have the ductility requirements explicitly stated

and the requirements for one method cannot sim-

ply be used for another. This is to avoid misjudg-

ing a structure’s ductile behaviour, which can be

catastrophic.

The focus of this study is on the ductility indices

that are computed from load-deformation curves.

This excludes those calculated using analytical

equations or numerical methods. Future studies

may consider examining this aspect in greater de-

tail.
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Table 10. Ductility requirements

Ductility type Classification / requirement Reference

Displacement ductility (method D2) 3 to 5 for seismic design Ashour (2000)

Structural ductility factor (method D3) a) Ductile structure: 4 to 6 NZS 3101.1 (2006)

b) Structures of limited duc-

tile: 2 to 3

c) Nominally ductile struc-

ture 1.25

Displacement ductility (method D3 ≥4 for low to moderate seis-

micity

Soudki (1994); Soudki et al. (1995)

Displacement ductility (method D11) a) About 6 for walls Pan and Moehle (1989)

b) <2 for slab-column connec-

tion

Ductility index (method D13) a) ≥4 for rectangular section Canadian Standards Association

(2006); Jaeger et al. (1997); Wang

and Belarbi (2011)

b) ≥6 for T-section

Displacement ductility (method D16) Experiment*1 Review*2 Tann et al. (2004)

Ductile 1.93 – 2.09 2.27 - 3.11

Near ductile 1.81 – 2.11 1.66 - 2.72

Brittle 1.65 – 1.75 1.51 - 1.89

Energy ductility (method D17 and E1) Experiment*1 Review*2 Tann et al. (2004)
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